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In the present talk we consider Schrödinger operators with δ− and δ′−interactions
in L2(R) which are formally defined by

(1) LX,αf(x) = − d2

dx2
f(x) +

∞∑

k=1

αkδ(x− xk)f(x), αk ∈ R,

and

(2) LX,βf(x) = − d2

dx2
f(x) +

∞∑

k=−∞
βkδ′(x− xk)f ′r(xk), βk ∈ R,

where f ′(xk) = 1
2 [f ′(xk + 0) + f ′(xk − 0)] and (2) is understood in the sense of

distributions.
Here X = {xk}k∈I ⊂ R is an increasing sequence, dk := xk+1 − xk > 0, k ∈ I,

and I equals either N or Z. Moreover, we assume that the set X satisfies the
following condition

(3) d∗ := inf
k∈I

dk > 0, d∗ := sup
k∈I

dk < ∞.

The operators associated with (1) and (2) we define L2(R) by

LX,α = − d2

dx2
,(4)

dom(LX,α) =
{

f ∈ W 2
2 (R \X) : f(xk + 0) = f(xk − 0),

f ′(xk + 0)− f ′(xk − 0) = αkf(xk) , xk ∈ X

}
,

LX,β = − d2

dx2
,(5)

dom(LX,β) =
{

f ∈ W 2
2 (R \X) :

f ′(xk + 0) = f ′(xk − 0),
f(xk + 0)− f(xk − 0) = βkf ′(xk) , xk ∈ X

}
.

The operators LX,α and LX,β are self-adjoint since the set X satisfies (3) (see
[1] and also [7, 5]). We investigate the negative spectrum of operators with δ− and
δ′− interactions (4) and (5) respectively.

During three last decades the theory of Schrödinger operators with point interac-
tions have been attracting a lot of attention (numerous results and a comprehensive
list of references may be found in [1, 2]. In the recent publications [3, 4], S. Albeve-
rio and L. P. Nizhnik investigated the numbers κ−(LX,α) and κ−(LX,β) of negative
eigenvalues of the Schrödinger operators with a finite number of point interactions
LX,α and LX,β , respectively, i.e., in the case |X| = n < ∞. They obtained neces-
sary and sufficient conditions for LX,α to have n negative squares in the case when
all intensities are negative ([4, Theorem 2]).

It is also shown in [4, Theorem 6] that κ−(LX,β) is maximal if and only if so is
κ−({βk}n

k=1), that is κ−(LX,β) = n if and only if κ−({βk}n
k=1) = n.

Using the concept of boundary triplets and the corresponding Weyl functions (see
[9, 6]), we investigate the number of negative squares of the operators LX,α and LX,β

with both finite and infinite number of point interactions. This approach allows
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us to complete and substantially generalize previous results from [3, 4] mentioned
above.

Namely, we consider LX,α and LX,β as self-adjoint extensions of the minimal
symmetric operator

(6) Lmin = − d2

dx2
, dom(Lmin) = W̊

2

2(R \X), X = {xk}k∈I .

The adjoint operator L∗min of Lmin is determined by

(7) L∗min = Lmax = − d2

dx2
, domLmax = W 2

2 (R \X).

Using the boundary triplet Π = {H, Γ0, Γ1} for L∗min, we describe spectral properties
of self-adjoint extensions LX,α and LX,β of Lmin by means of boundary conditions
and the Weyl function corresponding to the boundary triplet Π. We obtain a
description of negative squares of LX,α in terms of certain Jacobi matrices. This
enables us to construct an algorithm for determining κ−(LX,α).

Moreover, we provide a complete description of κ−(LX,β). Namely, for operators
LX,β with either finite or infinite number of δ′-interactions we establish the equality
κ−(LX,β) = κ−(β). In the case κ−(β) = |X| = n < ∞ this result implies [4,
Theorem 6].

The results of the talk were obtained in collaboration with assistant professor L.
Oridoroga (see http://arxiv.org/abs/0903.1180 ).
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